Summary. An integration procedure for the differential equations for the finite deflections of clamped shallow spherical shells under uniform pressure is developed. Stability limits for the clamped shell are obtained for a range of the central height to thickness ratio from about 1 to 35. This serves to correct and extend previously known stability limits for this problem.
Summary. An integration procedure for the differential equations for the finite deflections of clamped shallow spherical shells under uniform pressure is developed. Stability limits for the clamped shell are obtained for a range of the central height to thickness ratio from about 1 to 35. This serves to correct and extend previously known stability limits for this problem.
1. Introduction. The existing literature on the subject of spherical shells allowing finite deflections under uniform radial pressure or point load at the apex divides into two parts. One part represented by the work of von Karman and Tsien [12, 13, 15] ;** Friedrichs [4] ; Yoshimura and Uemura [14, 16] ; Mushtari and Surkin [6] ; and Feodosev [3] involves a determination of buckling pressures by means of a minimization of a potential energy expression for the shell with respect to a special class of deflection functions. Because of the rather special form of the assumed deflections in these papers, it is difficult to compare these results with integrations of the non-linear equations which as is noted in [8] can be derived as the Euler equations of the variational problem to minimize the potential energy of the shell; and therefore whose integrals correspond to a minimization with respect to a completely general class of deflection functions.
The" other part represented by the work of Biezeno [2] , Kaplan and Fung [5] , and Simons [9] is based on integrations of non-linear differential equations corresponding to those which are used in this paper for shallow spherical shells. However, since Biezeno integrated the equations after assuming special forms for the non-linear terms in the differential equations, it is difficult to decide what influence this has on the results.
Kaplan and Fung are able to get integrals of the non-linear equations, but "unfortunately they are able to determine buckling pressures, stresses, and deflections only for very low shells where the deflection shapes are of a simple type. In this range, their results are correct as far as they have gone in the perturbation of the non-linear equations, but appreciable corrections are to be found in the higher perturbations even in this range.
Simons generalizes the power series method given by Way for flat plates (see [11] , p. 338) to shallow spherical shells. Numerical results when compared with those of Kaplan and Fung for the clamped shell are found to differ considerably owing to the retention of only a few terms in the power series solution.
In this paper (and in [2, 5, 9] ), the so-called "classical criterion" of buckling as distinguished from the "energy criterion" developed by von Karman and Tsien is applied to interpret the buckling phenomenon. In the "classical criterion", it is assumed that a given state of equilibrium becomes unstable when there are equilibrium positions 'Received October 26, 1956 . The material in this paper was submitted as part of a thesis by the author to the Massachusetts Institute of Technology, May 1956, in partial fulfillment of the requirements for the degree of Doctor of Philosophy.
"Numbers in brackets refer to references at end of paper. [Vol. XV, No. 4 infinitesimally near to that state of equilibrium for the same external load. Thus, it is a question of obtaining the pressure-deflection relations for a given problem and properly interpreting the buckling pressure according to the above criterion. It is found that the center deflection to pressure relation used in [2, 5, 9 ] to interpret buckling must be generalized by interpreting buckling from a maximum deflection (in general, away from the center) to pressure relation in order to reveal the buckling in the cases where the deflection modes get more involved. It might be noted here that problems of finite axi-symmetric deflections of flat plates are included as a limiting case of the shallow shell, and thus the methods given in this paper carry over to these problems.
With a view to the application of high speed digital computing equipment, the basic approach in this paper has been to reduce the integration of the non-linear differential equations to the problem of solutions of algebraic equations by means of suitable sets of functions for the various cases. Thus, the rapidly increasing store of methods for applying computers to solving algebraic equations can be brought to bear on these problems. The equations of the middle surface of the spherical shell in its undeformed state are taken in the form r0 = a sin £ z0 = -a cos £ 0 < £ < , where £, is to represent one-half the opening angle of the shell. The components of surface loading for uniform radial pressure take the form pk = p sin <t> p, = -p cos <t>
Equations (1) and (2) are the result of restricting attention to shallow shells where « tt/2.
The following non-dimensional form of the variables will be used P* = /V*. , r = */EhMm2, (3a)
where pcr is the minimum buckling pressure for the corresponding complete sphere from the linear theory {pCT = 4Eh2/m2a2, see [10] ). Using the non-dimensional variables
(1) becomes l/X2L*jS* + ** = -2px+ (4a)
The corresponding expressions for stress resultants, stress couples, and displacements take the form aNt = Eh2\p* /xm2, aNe = Eh2^*'/m2, (6a) 
which in non-dimensional form becomes using (6c)
In addition to (8) for shells without central hole we have the condition 13*{x), 4>*{x) regular at x = 0.
The small finite deflections of a clamped spherical segment under uniform radial pressure are determined by solutions of the Eq. (4) subject to the conditions (8) and (9). 4. Perturbation solution. A convenient method for getting solutions of (4) is to expand j3*, \p*, and the inward pressure p into series in powers of a certain parameter and convert (4) into a sequence of systems of linear differential equations. The perturbation parameter W will take the form of a ratio of deflection to thickness as a result of conditions imposed later. Thus, we write 
The 4.1. Determination of ft , , and py. ft and \pi are to be solutions of (11.1) satisfying the conditions (12.1). We seek solutions of (11.1) as expansions in terms of Bessel functions of the first kind in the form
n-1 where the X" are defined by
Thus, /8i satisfies (12.1), and it remains to choose Cj so that satisfies (12.1). From 
n-1
If (13) is substituted into (11.1), it follows that
where we have used 
Solving (17) gives
The coefficients pe will be determined from the following conditions on the deflection. Using the expression for w/h from (6c), it follows that w(x*) -id(i) = _ r w, h m Ji where x* (0 < x* < 1) will be taken at the point where the deflection is a maximum.
If we impose the conditions 1 = X2/m2 f Pi{x) dx, (24.1) 
where we have used the integral formula J Ji(Kx) dx = J0{Kx).
Since cx is known from (16), px is determined. 
B=1 then substitution into (lli) leads to -(X"/X)V' + bi" = -(c, + p;)I\, + ff'",
where the are defined by
Hi" = E c.ai° + E E C''"( E (30b)
•' -1 | -1 a + f -{ and the C" defined by by the condition dp/dW = 0.
5. Numerical solutions. This section involves numerical calculations using the integration procedure set up in the previous section to obtain new results for the finite deflections of a clamped spherical shell segment under uniform pressure. The perturbation of the non-linear equations is carried out far enough to determine the deflection curves as a function of the pressure for maximum deflections up to about one thickness of the shell. For the case of inward pressure, the buckling phenomenon is observed in this range of deflections and buckling pressures are found using the "classical criterion" for a range of the central height to thiekness ratio from about 1 to 35. (See Figs. 3 and 4) .
In the numerical computation for this problem or for other cases of loading and edge restraint involving shallow spherical shells, it is necessary to compute the expansion coefficients, c'n', which enter the computation from the non-linear terms. These were computed directly from the definition [5] , B the theory in this paper, C the theory in [12] , the solid dots the experiments in [5] , the hollow dots the experiments in [12] , and D the classical buckling load for a complete sphere given here for reference.
using Simpson's rule with one hundred values of the integrand. The results obtained by machine computation are given in Table 1 . It is shown in [1] that these coefficients can be used to solve a variety of other problems involving other conditions of loading and edge restraint. In determining the buckling pressures given in Fig. 3 , terms were computed in the perturbation series used in finding the pressure-maximum deflection curves until it was seen that the higher order terms were no longer substantially affecting the curves in the neighborhood of the point where dp/dW = 0. The linear solution checks the linear solution given in [5] which is the same as the one given by Reissner in [7] . The second in the perturbation series of this paper. E and the cross are computed in [5] using two and four terms respectively in a perturbation series while the solid dots represent the experimental results reported in [5] . F represents the buckling pressure for a complete sphere (linear theory) and is given here for reference. order solution checks with that given in [5] for 3 < X < 5 where the maximum deflection is at the center. The Massachusetts Institute of Technology digital computer, Whirlwind I, was used extensively to reduce the computation time. The programs used for the machine were checked by independent calculations using a desk calculator.
In Figs. 3 and 4 , the stability limits found in this paper are compared with known experimental and theoretical results. It is seen that the theoretical curve given in [5] based on two terms of a perturbation series is subject to considerable correction when more terms in the series are computed. In particular, the minimum value of H*/h for which buckling occurs must be revised upward from the value of about 0.67 given in [5] to 2.2 found in this paper. Also, it is seen that the experimental results depart from the theoretical results of this investigation as H*/h increases. As indicated in the references, this is probably due to the fact that the shell, under disturbances during the testing, jumps to a nearby buckles state before reaching the buckling pressure predicted by the theory in this paper which allows only continuous load-deflection processes.
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